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Asymptotic solutions of time dependent anharmonic
oscillator equation
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CRPE/CNRS/CNET, Université d’Orleans, 45045 Orleans Cedex, France
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Abstract. A one-dimensional time dependent anharmonic oscillator is considered in the
frame of transformation group techniques. Asymptotic solutions are obtained for the class
of time decreasing coefficients of the equation.

1. Introduction

The ‘time varying frequency harmonic oscillator equation’ d°q/dt>+w?(t)g = 0 is one
of the favourite topics of mathematical physics. It allows one to study interesting
concepts such as the adiabatic invariant one, for example. Recently a new treatment
was introduced (Burgan et al 1978a) (Leach 1977) consisting in a ‘rescaling’ on g and in
the introduction of a new time. These transformations, which form a group, are
characterised by a function C(¢) which is chosen in order to simplify the probiem.
Especially when w?(t) -0 as ¢ - 00, we see how C(t) must be selected to obtain the
asymptotic form of the solution and so know more precisely if the oscillator always feels
the force field (describing a spiral in phase space) or becomes free of it (asymptotically
moving as a free particle, a behaviour connected to the breaking of the adiabatic
invariants). It has been shown that the limiting case was for w (¢) varying as ¢t ~'. For a
slower decay, the WKB approximation is correct for all values of ¢. For a faster decay,
the particle becomes asymptotically free. This is detailed in Burgan et al (1978b).
The purpose of this paper is to extend these results to the following equation

d’q/dt* + Aw*(t)g+BA(t)g*> =0 ... +Aw’(t)g +. .. (1)

with AcRand BeR.

Preliminary results on this equation have been reported by Burgan et al (1980) and a
study of an equation with a g* (instead of ¢ term) is given by Leach (1979).

We suppose that for a large enough time we have the relations

w’t)=1+Q)™*
A =01+Q)™
with u e R, v e R".
For commodity, we shall take them to be true on the whole interval ¢ € [0, oof. We

look for the asymptotic solutions using the group transformation technique under the
three following rules (Burgan 1978a).
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(i) We use the generalised canonical transformation characterised by the arbitrary
function C(¢) transforming the x, v = dx/d¢, ¢ space into the new space £, n =d¢/d6, 8
with conservation of the Hamiltonian formalism (see below).

(ii) We try by a proper selection of the arbitrary function C{(¢) to transform the
infinite extension of ¢ into a finite interval (time renormalisation).

(iii) Thislast objective must not be obtained at the expense of coefficients of the new
equation going to infinity. The finiteness of these coefficients has priority on (ii) and
sometimes we simply obtain ‘time compression’ instead of time renormalisation.

The generalised canonical transformation is characterised by a function C(¢) such
that the variation of q is expressed both through a rescaling characterised by C(¢) and a
variation of £ with the new time 4.

q=£0)C ()
0=0().

(2)

Introducing (2) into (1) we obtain

c(‘::) d2§+{d2§+A Z(t)c}g+§{2$%g C—dz—}+B/\C £=0,

We want to keep a Hamiltonian formalism in the new space which consequently implies
that the term d£/dé cancels. Consequently

de/dr=1/C? (3)
and (1) becomes

d2§ [ 2 .~4 3 d2c} 643

—+ +C*—5|¢+B =0. 4

02 Aw*C Cdtzf ANCYE 4)
In (4) we will call Aw?C*¢, £€C>d*C/dt? and BAC £, the rescaled linear physical field,
the transformation field and the rescaled non-linear physical field, respectively, a quite
natural designation for the three last terms of (4).

Since we have supposed that w? and A vary as (1+Qf)™ and (1+Q¢)™”, we take C(¢)
varying as (1+ Q)" ; v is left to our choice with the rules already indicated. No infinity
must appear in the £ and £ coefficients, and within this constraint -y must be as big as
possible in order to renormalise the time or at least to compress it as much as we can,

We shall distinguish two cases in this study: » <3u and v >3u. This inequality comes
from the fact that we want to keep ﬁnite both AwZC *and BAC®; the first term implies
that y <}u and the second thaty < 5V Now if y <3pu, takmg v <gv implies that y <3u
and vice versa, if v >3u, taking y <iu implies that y <gv.

2. Quickly decreasing linear term

We first consider v <3u.

The choice of C(t) is shown in table 1. This choice is easy to understand. We will
comment on it, starting from the last line.

(a) v>6.
The time is renormalised (6 varies from 0 to 1), the coefficients of ¢ and &> remain
finite in the interval 0 <9 < Q"' and take the value 0 for Q6 = 1; the solution of (4) gives
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the limiting point & and consequently V A and B, the motion in g space corresponds to a
free particle one.

Gas < (1+ Q1)

(where the subscript as stands for asymptotic).
(b) 3<v<6.

The time undergoes a logarithmic compression. Taking C (t) = (1+Qt)"/® would give a
time renormalisation, and would of course simplify the term AC®, but this is impossible
because of (iii) since the term C>C would blow up. We consequently take y = 3 which
keeps the transformation field finite. Notice that the only other possibility for vy is to
take the value one, but v must be bigger than or equal to 6 to keep finite the nonlinear
rescaled field.

Table 1.
v c@) c3¢ w?C* ACS as
0<v<3  (1+uy° Phidv-1)  AQ+anP ™ B [1/a-1

1+an¥-2 x[(1+Q)173 ~1]

v=3 aQ+ont? 102 Aexp[Q8(2—pn)] B In(1+ )
implying
u>2
3<v<6 1+an'?  -i0? AexplQ90(2-u)] BexplQ8(3-v)] In(1+Qe)
implying
w>2
v=6 1+Qu 0 A(1-Qe)" %+ B Q/(1+ Q1)
implying
u =>4
v>6 1+ 0 A(1=-Q8) % B1-Q6)"C¢  u/(1+W)
implying
u >4

The equation becomes
d?¢/de*+[A exp— QO (u —2) — 5071 +[B exp— QO (v —3)]¢> =0. (5)

When 6 - oo, then the term A exp[—Q6(u —2)] is negligible compared with (—3Q?).
One has to evaluate the respective importance of the terms in ¢ and £°. We notice that
the coefficient of the £> term goes to zero. Consequently, we first suppose that (5) is
equivalent to

d’¢/de*-50%¢ =0. (6)
The solution of (6) is proportional to exp(Q26/2) and we look at the ratio R of the ¢ and
£* terms
_|Blexp Q83— v)¢?
i0%

R behaves as exp Q26(4--v).
Consequently

(b") If 6>v >4, R >0 when 8 > and (5) is equivalent to (6); we have, asymp-
totically, &(6)xexp(Q8/2) and C(t)=(1 +Qnt?= exp(Q6/2). Consequently g =
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£(6)C(t) behaves as exp(Q18) i.e. as (1 + ) and we have, for large time, the motion of a
free particle.

(b") If 4>v >3, the following transformation £ = ¢ exp[(v — 3)Q6/2] leads to the
equation

&Py /de” + Qv —3)dy/do +[(v —4) (v —2)Q% /4 + A exp Q2 —u) W +By> =0. (7)

Since u >2, the term A exp Q0(2—u)-0 (independently of the sign of A), and if
B >0, (7) shows that we have a damped motion (v —3>>0) in a potential of the form
given in figure 1. Consequently the solution will reach one of the holes given by =+,
with

U =[4B/(4~v)(v - 2)Q*]"/?

the sign will be fixed by the initial conditions and we have two limiting points in the
£, d¢/d6 phase plane.

Zone 1

Zone 2 Zone 3

Figure 1. Asymptotic potential for 4>v >3, B > 0.

So the asymptotic solution, after the damping of the initial oscillation is
Qs = £[4B/(4—v)(v — 2)Q* V21 + Q1)¥" L. (8)

We must notice that (8) is exactly the self-similar solution obtained by solving (1) where
we have first neglected the linear term (which unless 4 =2 blocks any possible
self-similar solution). This self-similar solution obtained by writing g = K (1+Q¢)* in
the simplified equation and properly identifying « and K, consequently plays the role of
an attractor.

It B <0, ¢ goes to infinity very quickly, and more precisely, reaches an infinite value
in a finite time 6, indicating an explosive instability.

(c) If v = 3, equation (5) becomes

d’£/d0*+[A exp— QO (u —2)—20%]¢ +B¢> = 0. 9)
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When 6 >0, then A exp[—Q68(u —2)]-0 since u >3v=2. d°¢/de*=—-dV/d¢=
—B&> +30°%¢, the aspect of the potential V is the same as before when B > 0. Since there
is no damping, the £ solution is oscillatory, in zone I, II or III according to the initial
conditions. We also remark that the case u =2, v = 3 can be completely integrated with
the use of elliptic integrals.

When B <0, we again have an explosive instability and ¢ goes to infinity in a finite
time. One can compute the motion by integrating once the equation

d’¢/de*—310°¢ —|Bl¢* =0 (10)
we obtain
d¢/dg = =GO’ +3Bl¢*+C)'? (11)

the constant is determined by the initial conditions. Excluding the particular condition
£=0, d¢/d8 =0 when 6 = 0, we have to consider one of the integrals

a0 go
f orJ' deGQPE*+4Blet+C) 2

These integrals are bounded and the integration on ¢ gives a finite time. The diagrams
2(a) and 2(b) show the evolution of ¢ with time.

[}
'
[}
[
)

M 5

g,=518=0] 3
(al (b)

(720 S «v
d
vt

Figure 2. Time evolution of ¢ according to the two possible classes of initial conditions
(v <3u,v=3,B<0): (a) d&/do >C; (b) d&/d6 < C. C =~ GO2EL +1Be)'/2

(d) If v <3, we take y = »/6 and terms in C*d°C/ds* and w*C* decreases to zero.
The asymptotic equation is

d?¢/de*+B&*=0 (12)

which solution is a nonlinear oscillatory movement if B >0 and an explosive instability
if B <0 (Davis 1962).

3. Quickly decreasing non-linear terms
Second case: v >3u.

The choice of C(¢) is shown in table 2. The analysis of the different cases is performed in
the same way as before.
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Table 2.
w v cw c3¢ w?C* ACS Q6
0<p<2 A+ Julu-1) A B+ao*™  [1/1-4w)]
(1+Qn+* x[(1+ Q)1 —1]
p=2 v>3  (1+Qn'? -7 A B exp[Q6(3~v)] In(1+€)
2<p <4 p>3 (1+Q0)Y? 207 AexplQ8(2-u)] Bexp[Q0G-v)] In(1+€)
w=4 v>6 1+ 0 A B(1-06)" ¢ Qt/(1+Qr)
w>4 v>6 1+ 0 A(l-Qgy* B(1-ne)y ¢ Qt/(1+ )

(a) u=>4.
We can take y =1 and for all values of A and B, the asymptotic motion is the one of a
free particle

s (1 4+ ).

(b) The case 2 <u <4 is divided in two parts according to the values of v since we
must take y =3 and we recover equation (5). The analysis proceeds as before and for
v >4 we get a free particle motion, while for 4 >v >3 we get the solution given by (8).

(€) p=2.

The equation is

d?¢/d6° +(A —1Q)¢ +B exp [QO(3—v)]E* =0. (13)

(Cy) If (A —3Q°%) >0, since asymptotically the coefficient of the term in £* goes to
zero and the solution ¢ is oscillatory, the asymptotic amplitude goes as ¢'/2.

(Cy) If (A —3Q7%) <0, (13) must be studied as (5); the solution ¢ = exp(—A +307)'/%¢
must be introduced in (13) and the ratio of the last two terms of the Lus of (13) must be
computed. Two cases appear:

(Cy) v>3+2G-A/Q0HY2
Asymptotically, the term in ¢° is negligible, then the asymptotic solution in exp Q6 (5 —
A/Q)"? and

qoc(1+Q)?

(Co) v<3+2G—A/QH2
With the following transformation £ = ¢ exp [Q6(v —3)/2], (13) becomes

+(G—A/02)1/2

g (50 (Faemro o

For B >0 (14) describes a damped motion (v > 3) in a potential which has the same
form as given in figure 1(a). ¢ goes to

we={o/[(5-4)-() ]

sl (5] s

and
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We notice that in this case (1 = 2) equation (1), this time without having to neglect any
term, has a self-similar solution in t*/?~". This solution is exactly (15).

For B <0 ¢ goes to infinity in a finite time (explosive instability).

(Cs) If A =307 the termin ¢ disappearsin (14). Since v >3 the last term in the RHS
of (13) goes to zero and we obtain asymptotically the free motion solution in &, 6 space,
ie. £oCh.

(d) 0<u <2, the coefficient of the transformation field and of the non-linear
rescaled field go to zero; the asymptotic equation is

d?¢/de*+A£=0. (16)

If A >0, the solution £(6) stays finite and it is correct to neglect the other terms,
especially the one in £°, since its coefficient goes to zero with 6.

If A<0, the solution obtained by neglecting the ¢° term goes to infinity and
consequently, we must check the consistency of the hypothesis. We find in that case that
the £ term always has a role to play. Consequently we introduce the following
transformation

E=y(1+Q) " =y(1+cQo) >
where

c=1-3u (c>0)

d=0u-2v)/2-un) @<0)

applied to the complete equation (4) with the choice of C(t) as indicated in the first line
of table 2 gives

17

d*y L dy

——dQc(1+ —<+...

40> dQc(1+cQ8) a0

d(d 0’ B[ 0% ,

== — L A+=(E—1)———— -0.

[2(2+1)(1+c90)2 A 4(4 1)(1%99)?}‘“3‘1’ 0 (18)
When 6 - o0, (18) becomes

2

dé® 1+cQ6de

which represents the damped motion of a particle in a potential 3Ay> +;By*. If B >0,
we recover the two holes potential of figure 1 and the solution goes to y, =
+(|A|/B)"/*(A<0). Taking into account g=¢C(t) and ¢ =y (l+cQ0) *=
¢ (1+ Q1) °Y* we obtain

Gas = =(A|/B)*(1+ Q)" 2, (20)

Itis worth noticing that (20) is the solution obtained by neglecting the inertial term in (1)
and observing that the repulsive (since A <0) linear force is just balanced by the
attractive non-linear one.

If B <0, ¢ and consequently g goes to infinity in a finite time as already seen before.

To summarise the results obtained, one can present figure 3 and table 3.

The figure represents the parameter space u, v and is divided into eight zones
labelled respectively from (1) to (8) and delineated by the oblique line » =3u, three
horizontal lines v =3, v =4, and v = 6, and two vertical lines u =2 and u =4.
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Figure 3. Summary of the results.

Table 3. Summary of the results

A>0 A>0 A<0 A<0
Superzone B >0 B <0 B >0 B <0
I=(1)+(2)+(5)+(6) Free particle
II=(3)+(7) (1+Qp)e»~D expl (1+00)% ™Y expl
I1=(4) NL oscill expl NL oscill expl
*(1+0e/e (1+Qn)™
IV=(8) L oscill L oscill 1+Q0)® ™72 expl
B+ Qe *(1+ Qe

For each zone we have the asymptotic solution, but some of the zones can be
grouped together (forming four superzones) where the physical behaviour of the
asymptotic solutions is the same—although we may have used different values of y in
the different zones of the same superzone. For example, in (1) and (5) we have been
able to renormalise the time with the consequence of a free-particle asymptotic motion
while in (2) and (6) we have simply taken y =4 and checked that the solution exp Q6,/2
obtained by neglecting the £ term (the coefficient of which vanishes) does indeed give a
negligible term when introduced into the full equation. The superzones are formed by
the union of the zones indicated in the first column. The asymptotic behaviour is given
with L standing for linear oscillation, NL standing for non-linear oscillation and expl
standing for explosive instability. Moreover, the time behaviour of the amplitudes for
the linear and non-linear oscillation is indicated by *.

4. Conclusion

The generalised canonical transformation preserving the Hamiltonian formalism has
been applied to problems where the forces include a linear and non-linear term, both
decreasing asymptotically with some power of the time. One scale, for example, the
length scale, characterised by C(¢) is at our disposal and all the others are subsequently
derived from C(¢). By a proper selection of C(t) we can obtain in the new time phase
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space, an equation which can be asymptotically solved giving different limit cycles on
limit points. Moreover, an interesting result is that the border of the regions in the
parameter space wv where the solutions take different forms (bifurcation lines) are
partly given by the possibility of finding self similar solutions. Moreover these solutions
appear here as an attractor in superzone II. This frontier status of the self-similar
solution is, a posteriori, not very surprising since such solutions are obtained by forcing a
balance between the different terms, which is time preserved. The self-similar solutions
are consequently always interesting to obtain, a result which has been found in
gravitational fluid mechanics, quantum adiabatic invariants and stellar dynamics.
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